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It is well known that the canonical quantization of the Friedmann-Lemaˆıtre-Robertson-Walker
(FLRW) filled with a perfect fluid leads to nonsingular universes which, for later times, behave as
their classical counterpart. This means that the expectation value of the scale factor 〈a〉 (t) never
vanishes and, as t → ∞, we recover the classical expression for the scale factor. In this paper, we
show that such universes can be reproduced by classical cosmology given that the universe is filled
with an exotic matter. In the case of a perfect fluid, we find an implicit equation of state (EoS). We
then show that this single fluid with an implict EoS is equivalent to two non-interacting fluids, one
of them representing stiff matter with negative energy density. In the case of two non-interacting
scalar fields, one of them of the phantom type, we find their potential energy. In both cases we find
that quantum mechanics changes completely the configuration of matter for small values of time, by
adding a fluid or a scalar field with negative energy density. As time passes, the density of negative
energy decreases and we recover the ordinary content of the classical universe. The more the initial
wave function of the universe is concentrated around the classical big bang singularity, the more it
is necessary to add negative energy, since this type of energy will be responsible for the removal of
the classical singularity.
I. INTRODUCTION
Classical singularities are always present in cosmological models, provided that the matter content of the universe
fills some reasonable requirements, called energy conditions, which basically state that gravity is attractive [1]. This
is a burden of general relativity and there is a general agreement that a full quantum theory of gravitation will solve
this problem, either indicating how to deal with the singularities or excluding them at all. Besides quantum gravity,
there are many ways to circumvent the initial big bang sigularity in cosmological models, even at the classical level.
For example, there are f(R) theories of gravity which avoids the singularity in FRW models (the conditions for a
bounce in f(R) theories where sudied in [2]). Theories with a scalar field in the presence of a potential can also be
free of singularities (see, for instance, [3]-[4] for a classical treatment and [4]-[5] for the quantum mechanical point of
view.).
The first bouncing models where obtained by Novello and Salim [6], and Melnikov and Orlov [7] in the 70’s, but
they were taken more seriously in the late 90’s, when the discovery of the accelerating expansion of the universe made
the idea of violation of the energy conditions more reasonable. For a review about the models and the importance of
bouncing cosmologies, see [8].
There are several pieces of evidences suggesting that quantum mechanics will be able to exclude the classical
singularities on cosmological models. It was shown in [9, 10] that the quantum evolution of the FLRW universe
filled with a perfect fluid with EoS p = wρ is non-singular and matches the classical evolution when t → ∞. In this
context, two works showed that the energy conditions for matter can be quantum mechanically violated, a necessary
requirement for the exclusion of singularities. In the first one [11], through the quantization of the FRW universe in
the presence of two fluids, dust plus radiation, Pinto-Neto et al. show that, in this model, in the far past the universe
was filled with a classical exotic dust (dust with negative density) and as the universe expands the conventional dust
and radiation prevails. In the second one [12], the authors quantize the Riemann tensor in the tetrad basis and,
through the Eintein equation, find expressions for the quantized fluid, showing that it violates the strong energy
condition in the quantum domain, recovering the conventional behavior at the classical regime. In Ref. [13], Bojowald
showed that, in Loop Quantum Cosmology the big-bang singularity is also removed, by analysing the inverse scale
factor operator and showing that it is bounded.
Here we consider another possibility, a classical exotic matter which, through Einstein equations, gives a nonsingular
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2universe which behaves as the traditional models as time flows. For simplicity, we consider the flat FLRW universe.
We then show that in the classical limit, the matter content which fills the universe tends to become usual matter
with EoS p = wρ. This indicates that it is possible to find bouncing universes and still recover the main features of
usual classical cosmology as time flows. We consider two types of matter: a perfect fluid, for which we find an implicit
EoS; and two non-interacting scalar fields, one of them of the phantom type, for which we will be looking for their
potential energy.
Nonlinear EoS have already been considered in previous works. For instance, in [14, 15] the general quadratic EoS
p = p0 + αρ+ βρ
2 was studied and it was shown that with the right choice of the parameters p0, α and β this exotic
fluid can model dark matter. In [15], it was shown that such EoS fits a realistic model where a decelerating universe
turns into an accelerating one. More general EoS were studied in [15–17] and again it was demonstrated that early
and late-time cosmic accelerations can be modeled by such exotic fluids. However, there are cases where we cannot
find an explicit EoS of the form p = p(ρ). In these cases we have an implicit EoS of the form f(ρ, p) = 0. In Ref. [18],
motivated by an universe filled with two independent cosmological fluids with EoS p = αρ and p = ηρ, Sˇtefancˇic´ found
an implicit EoS representing a single fluid, which has the same effect of those two non-interacting fluids. Another
example of implicit EoS can be found in [19], where, by considering an implicit EoS depending also on the Hubble
parameter H = a˙/a, it was shown that the phantom divide w = −1 is crossed due to the effect of the inhomogeneous
term H in the EoS.
A universe filled with multiple (canonical and/or phantom) scalar fields was studied in [20]. There, they recon-
structed the entire evolution of the universe, including early inflation and late-time acceleration, using these fields. It
is also possible to reconstruct the evolution of the universe through modified theories, for example f(R) gravity. This
can be seen in [21].
The goal of this paper is to show that, if we allow the presence of exotic matter in the universe, we can find a
nonsingular universe which, as time flows, behaves as the traditional universe+perfect fluid models. However, the
difference between the exotic and the ordinary matter depends on how close the initial quantum universe is from the
big bang singularity. The paper is organized as follows, in Sec. II we give a brief review of quantum cosmology. In
Sec. III we find an implicit EoS of a single fluid which satisfies our requirements and show that this single fluid is
equivalent to two non-interacting fluids, one being stiff matter with negative energy density. In Sec. IV we show that
we can have a bouncing universe also by the introduction of two independent scalar fiels, one of the phantom type.
In particular we find the potential energy of these fields. Finally, in Sec. V, we discuss the main results presented in
this work.
II. QUANTUM COSMOLOGY
The action for general relativity with a perfect fluid in Schutz’s formalism [22, 23] is given by (in units where
16piG = 1)
SG =
∫
M
d4x
√−gR+ 2
∫
∂M
d3x
√
hhabK
ab +
∫
M
d4x
√−gp, (1)
where hab is the induced metric over the boundary ∂M of the four-dimensional manifold M, Kab is the second
fundamental form of the hypersurface ∂M and p is the fluid pressure, which is linked to the energy density by the
EoS p = wρ. Here we consider −1 ≤ w < 1. Note that the stiff matter w = 1 case is not considered here (see [30]).
The super-Hamiltonian for this action in a flat FLRW universe given by the metric
ds2 = −N2(t)dt2 + a2(t)(dx2 + dy2 + dz2) (2)
is given by [24]
H = − p
2
a
24a
+
pT
a3w
≈ 0, (3)
where pa = −12 dadT a/N is the momentum conjugated to the scale factor a(t) and pT is the momentum conjugated
to the dynamical degree of freedom of the fluid [24]. In Schutz’s formalism [22, 23], the action representing the
fluid contribution to gravity depends on six potentials (the specific entropy and enthalpy, two potentials related with
rotation of the fluid and two potentials with no clear physical meaning). However, as Lapichinskii and Rubakov
showed [24], in FRW models the degrees of freedom of the fluid are reduced to one, due to the symmetry of the
universe. Therefore, the action depends on only one degree of freedom of the fluid (the dynamical variable T ). The
physical meaning of this dynamical variable is not clear, but since its conjugated momentum appears linearly in Eq.
(3), it may work as a measure of time after a quantization process.
3The super-Hamiltonian (3) is a constraint. Therefore, following Dirac’s algorithm [25] for quantization of constrained
Hamiltonian systems, we make the substitutions
pa → −i ∂
∂a
; pT → −i ∂
∂T
(4)
and demand that the super-Hamiltonian operator annihilate the wave function of the universe. The result is
∂2Ψ
∂a2
+ 24ia1−3w
∂Ψ
∂t
= 0, (5)
where t = −T is the time coordinate in the gauge N(t) = a3w(t) [26]. Note that we have defined the new variable t
in order to have a Schro¨dinger type equation HˆΨ = i∂Ψ/∂t. This is the so called Wheeler-DeWitt equation of the
universe [27].
The scale factor is defined on the half-line (0,∞), therefore with the scalar product
〈Ψ|Φ〉 =
∫ ∞
0
a1−3wΨ(a, t)∗Φ(a, t)da, (6)
a boundary condition in a = 0 is necessary in order to ensure self-adjointness of Eq. (5). Lemos found in [9] that all
possible boundary conditions are given by
Ψ′(0, t) = βΨ(0, t), β ∈ R, (7)
where the prime denotes the derivative with respect to the variable a.
For the sake of simplicity, let us consider only two possibilities β = 0 and β =∞, corresponding to Neumann and
Dirichlet boundary conditions, respectively. Eq. (5) can be easily solved by separating variables [10]. The resultant
wave packet if we choose Neumann boundary condition can be found in Ref. [28] and is given by
Ψ(a, t) =
[
4
(1−w)
√
2
3
] 1
3(1−w)
[2(γ + it)]
1+3(1−w)
3(1−w)
a exp
[
−8
3
a3(1−w)
(1− w)2(γ + it)
]
, (8)
where γ is related with the width of the initial wave packet Ψ(a, 0). If the initial wave packet is highly concentrated
close to the singularity a = 0, then γ << 1. If the initial wave packet is spread, we have γ >> 1.
Note that taking the limit t→ 0, where we expect to note quantum corrections, we have
Ψ(a, 0) =
[
4
(1−w)
√
2
3
] 1
3(1−w)
(2γ)
1+3(1−w)
3(1−w)
a exp
[
−8
3
a3(1−w)
γ(1− w)2
]
. (9)
If γ << 1, the wave packet (9) is highly concentrated around a = 0. In this case we expect that the quantum
correction on the EoS of the fluid should be appreciable in order to avoid the classical singularity, since we are too
close to a classical universe with an initial big bang singularity. We will see that a great amount of matter with
negative energy density has to be added in the universe in order to achieve this. However, if γ >> 1, the ordinary
classical matter prevails, since less effort from quantum mechanics should be put in order to remove the singularity,
because the wave packet (9) is spread and its peak is far away from the big bang singularity.
Given the wave packet (8), the expected value of the scale factor can be readily computed from the wave function
Ψ(a, t) through the formula
〈a〉 (t) = 〈Ψ |a|Ψ〉〈Ψ|Ψ〉 , (10)
and the Bohmian trajectories [29] a(t) of the scale factor can be found through the solution of the equation
pa =
∂S
∂a
. (11)
The result is [10]
〈a〉 (t) = a(t) = (γ2 + t2) 13(1−w) . (12)
The case with Dirichlet boundary condition is very similar, so we do not discuss it here. We also ignore the
possibility w = 1 (see [30]).
Note that within the limits t → ∞ or γ << 1, we have a(t) ∼ t 23(1−w) . In the cosmic gauge, τ is given by
a3w(t)dt = dτ . Therefore a(τ) ∼ τ2/(3(1+w)) for w 6= −1 and a(τ) ∼ exp (τ/3) for w = −1, as expected from the
classical model [32].
4III. EXOTIC EQUATION OF STATE
The four-velocity of a perfect fluid in comoving coordinates in the gauge N(t) = a3w(t) is given by
Uµ = (a
3w(t), 0, 0, 0), (13)
in such a way that the energy-momentum tensor of the fluid
Tµν = (ρ+ p)UµUν + pgµν (14)
is given by
Tµν = diag(a
6wρ, a2p, a2p, a2p). (15)
Einstein field equations (in units where 16piG = 1) become{
G00 = 3
a˙2(t)
a2(t) =
1
2a
6wρ
Gii = a
−6w [(6w − 1)a˙2(t)− 2aa¨] = 12a2(t)p, i = 1, 2, 3. (16)
Substituting Eq. (12) into the above equations leads to
ρ =
8t2
3(1− w)2
(
γ2 + t2
)− 21−w , (17a)
p = wρ− 8γ
2
3(1− w)
(
γ2 + t2
)− 21−w . (17b)
Let us now manipulate Eqs. (17a) and (17b) in order to find an implicit relation between ρ and p. First note that
ρ− 1
1− wp = −
w
1− wρ+
8
3(1− w)2
(
γ2 + t2
)− 21−w+1 . (18)
Therefore
ρ− p
1− w =
1
γ2(1− w)
[
8γ2
3(1− w)
(
γ2 + t2
)− 1+w1−w ]
=
1
γ2(1− w)
[
8γ2
3(1− w)
(
γ2 + t2
)− 21−w ] 1+w2
×
[
8γ2
3(1− w)
]− 1+w2 +1
=
1
γ2(1− w) (wρ− p)
1+w
2
[
8γ2
3(1− w)
] 1−w
2
(19)
Squaring both sides of the last equation and rearranging the terms we finally obtain
(wρ− p)1+w = γ4
[
3(1− w)
8γ2
]1−w
(ρ− p)2. (20)
Therefore, we have an implicit EoS given by f(ρ, p) = 0, where
f(ρ, p) = (wρ− p)1+w − γ4
[
3(1− w)
8γ2
]1−w
(ρ− p)2. (21)
Let us show that p = wρ in the limit t→∞. For this, we use Eqs. (17a) and (17b). We have
p
ρ
= w − (1− w)
t2
→ w. (22)
5Therefore, p → wρ in the “classical” limit. This is not surprising, since we started with an expression for the scale
factor which resembles the classical behavior as t→∞.
By Eq. (17b) we see that the first effect from quantum mechanics to the EoS of the fluid is to introduce a constant
term
p(t = 0) = − 8
3(1− w)γ
−2 1+w1−w . (23)
This term is necessary for the initial cosmic acceleration, which prevents the singularity. This can be seen by taking
ρ(t ∼ 0) = 0 and p(t ∼ 0) = − 83(1−w)γ−2
1+w
1−w in Eq. (16). We then have
a′′(t ∼ 0) = 2
3
γ−2
1+w
1−w a(t)1+6w > 0. (24)
We can also see in Eqs. (17a) and (17b) that t = 0 corresponds to ρ = 0 and p = − 83γ−2
1+w
1−w . To analyze the
behavior of the fluid in this case we expand Eq. (21) in Taylor series around the point (ρ, p) = (0,− 83(1−w)γ−2
1+w
1−w )
and solve p as a function of ρ. The result is
p ≈ − 8
3(1− w)γ
−2 1+w1−w + (w + 2)ρ. (25)
Note that for γ << 1 there is a huge initial negative pressure. This is necessary for the initial cosmic acceleration
necessary to escape the initial big bang singularity. For γ >> 1 we have an equation of the form p = constant×density.
The addition of matter with negative energy changes completely the configuration of the content of the universe for
small t. However the quantum effects are more dramatic as γ << 1.
Eq. (25) may seen strange, since the speed of which perturbations propagate in the fluid is given by
c2s =
dp
dρ
= w + 2 > 1. (26)
However, as we will see in a moment, this is an effective equation which corresponds to two non-interacting fluids,
one of them representing stiff matter with negative energy density [or equivalently two interacting fluids satisfying
the strong energy condition (see [31])].
For this, consider two non-interacting fluids with EoS p = αρ and p = ηρ as in Ref. [18]. The density as a function
of the scale factor is given by
ρ = C1a
−3(1+α) + C2a−3(1+η). (27)
The equation of the energy-momentum tensor conservation
dρ+ 3(ρ+ p)
da
a
= 0 (28)
implies the following equation for the pressure
p = αC1a
−3(1+α) + ηC2a−3(1+η). (29)
Note that (
αρ− p
(α− η)C2
)1/(1+η)
= a−3 =
(
p− ηρ
(α− η)C1
)1/(1+α)
, (30)
so that if we take α = w and η = 1 we arrive with
(wρ− p)1+w = [(w − 1)C2]
1+w
(1− w)2C21
(ρ− p)2. (31)
If we choose, for example,
C1 =
1
γ2(1− w) ; C2 = −
1
1− w
[
3(1− w)
8γ2
] 1−w
1+w
, (32)
6we recover Eq. (21). Therefore, one single fluid with EoS (21) is equivalent to two non-interacting fluids with linear
EoS, one of them representing stiff matter with negative energy density
ρ =
1
γ2(1− w)a
−3(1+w) − 1
1− w
[
3(1− w)
8γ2
] 1−w
1+w
a−6. (33)
Note that this procedure works for w 6= −1. As we will see later, the case w = −1 will be represented by a single fluid
with EoS p = constant + ρ. These results match the one found in Ref. [31], where Pinto-Neto et al. study cosmology
with two interacting fluids satisfying the strong energy condition and with EOS p = contant× density which behave
effectively as independent fluids, one having negative energy density.
Let us now see a few examples of the most important cases w = 1/3, w = 0 and w = −1.
A. w = 1/3
For w = 1/3, we can see in Fig. 1-a) that ρ(t) is not a one-to-one function of time. We have to invert t as a function
of ρ in two branches and for each branch we have a particular EoS. In this case, it is impossible for a single fluid to
have a unique EoS p = p(ρ) and an implicit EoS is necessary. Fig. 1-b) shows that the strong energy condition which
states that ρ+ 3p ≥ 0 is violated for small t. This explains why initial singularity is excluded in this model. Besides,
Fig. 1-c) shows graphically that in the “classical” limit, i.e., for t→∞, we have the asymptotic behavior p→ ρ3 .
Returning to Eq. (21) we have
fradiation(ρ, p) =
(
1
3
ρ− p
)4/3
− γ4
(
1
4γ2
)2/3
(ρ− p)2 = 0, (34)
or equivalently (
1
3
ρ− p
)2
− γ
4
4
(ρ− p)3 = 0. (35)
The curve representing the physical trajectory of p as a function of ρ is displaced in Fig. 2.
We can use Eq. (33) to analyse which fluid prevails in the quantum domain (t << 1) according to the size of γ.
Substituting w = 1/3 and a(t) = (γ2 + t2)1/2 in Eq. (33) leads to
ρ(t) =
3
2γ2
(γ2 + t2)−2 − 3
4γ
(γ2 + t2)−3. (36)
By expanding the above equation in Taylor series around t = 0 we have
ρ(t) ≈ − 3
4γ7
[
1− 3
(
t
γ
)2]
+
3
2γ6
[
1− 2
(
t
γ
)2]
. (37)
We conclude that for γ << 1, most of the contribution to the effective equation (21) comes from the stiff matter
with negative energy density. If γ >> 1, the ordinary fluid p = ρ/3 prevails. The quantum mechanics action of
introducing an effective fluid with negative energy density is greater when γ is small. As we said before, this is the
limit of a classical universe, so we expect a greater effect. Clearly, the effective introduction of a fluid with negative
energy density is necessary for all values of γ. However, its significance depends on which limit the initial universe is
characterized.
B. w = 0
For w = 0, Eq. (21) has the form
fdust(ρ, p) = p+
3γ2
8
(ρ− p)2 = 0. (38)
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FIG. 1: a) Letting γ = 1, we see that the curve of ρ(t) starts at 0, it has a maximum ρmax = 9/8 at t = 1/
√
2 and it decays
to 0 as t → ∞. b) Also, looking to the graphic of ρ(t) + 3p(t) for the same value of γ, we clearly see that the strong energy
condition is violated for small values of t. c). Finally, we consider the graphic of p(t)/ρ(t) for γ = 1. In the classical limit
(t→∞), p/ρ→ 1/3.
A simple inspection in Eq. (17b) shows that in this case p ≤ 0 so that the above equation makes sense. If we solve
this equation for p as a function of ρ we find two branches:
branch I: p = − 4
3γ2
− 1
3γ2
√
16− 24γ2ρ+ ρ,
branch II: p = − 4
3γ2
+
1
3γ2
√
16− 24γ2ρ+ ρ.
(39)
8t ® ¥
t = 0
t
t
p = Ρ 3
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FIG. 2: The graph of Eq. (35). It represents the physical trajectory of p as a function of ρ as time flows (see the arrows
representing the direction of time). Inset we see that as t→∞, we recover the classical EoS p = ρ/3.
Note the presence of a stiff matter component in the expressions for p(ρ).
C. w = −1
For w = −1, the classical universe is non-singular and the expansion is exponential. Quantum mechanics is not
necessary to avoid any singularity, so it works in the same way for any value of γ. The quantum universe can be
reproduced by a single fluid with the pressure having a negative constant term plus a stiff matter contribution. As
we will see this type of fluid causes inflation as well as dark matter.
The expression for ρ as a function of t is given by
ρ(t) =
2t2
3
1
γ2 + t2
. (40)
Clearly, this is a one-to-one function, so we can find a simple EoS p = p(ρ). In fact, Eq. (21) becomes in this case
fDE(ρ, p) = 1− 9
16
(ρ− p)2 = 0. (41)
We can solve this equation for p as a function of ρ. It is easy to find
p = ±4
3
+ ρ. (42)
Looking at Eq. (17b) we see that for ρ = 0 we have p ≤ 0, so that the right expression for the EoS in this case is
given by
p = −4
3
+ ρ. (43)
Note again the presence of a stiff matter term. This kind of EoS was already studied in Ref. [33]. There, they studied
models of fluids with EoS of the form p = α(ρ− ρ0), with α ≥ 0, and showed that it is possible to include dark (and
also phantom) energy with a positive squared sound speed of linear pertubations c2s ≡ ∂p/∂ρ = α ≥ 0. With this
EoS in hands we can solve Einstein equations in the cosmic gauge. The µν = ij equation is given by (in units where
16piG = 1)
a¨
a
+ 2
(
a˙
a
)2
=
1
4
(ρ− p) = 1
3
, (44)
where a˙ = da/dτ and τ is the cosmic time. This equation, with the initial condition a(0) = γ1/3 [see Eq. (12)], can
be solve and the result is
a(τ) = γ1/3 cosh1/3(τ). (45)
We find the same expression for a(τ) if we integrate the equation a−3(t)dt = dτ , which relates two measures of time
in different gauges. Note that the constant term in Eq. (43) works as a cosmological constant.
9IV. SCALAR FIELDS
We can also try to reproduce the results of the last section with the use of two scalar fields instead of a perfect fluid.
We choose to add a phantom and a standard scalar field. As we will see in a moment, with these two non-interacting
fields we can fit the initial cosmic acceleration and still recover the classical behavior of the universe as t→∞. The
process of reconstruction of the of the universe in this case is analogous to the previous case, so that the fields act
effectively as a perfect fluid with EoS give by Eq. (21).
The Lagrangian for these two fields is given by
L =− 1
2
gµν∂µφst∂νφst − V (φst)
+
1
2
gµν∂µφph∂νφph − U(φph),
(46)
where φst corresponds to the standard scalar field while φph corresponds to the phantom one.
The energy-momentum tensor Tµν in the standard case is given by
T stµν = ∂µφst∂νφst + gµν
[
−1
2
gλσ∂λφst∂σφst − V (φst)
]
, (47)
and in the phantom case is given by
T phµν = −∂µφph∂νφph + gµν
[
1
2
gλσ∂λφph∂σφph − U(φph)
]
. (48)
Therefore, the components of the total energy-momentum tensor Tµν = T
st
µν + T
ph
µν in the gauge N(t) = a
3w(t) are
given by
T00 =
φ˙2st
2
− φ˙
2
ph
2
+ a6wV (φst) + a
6wU(φph) = a
6wρ,
Tii =
φ˙2st
2a6w−2
− φ˙
2
ph
2a6w−2
− a2V (φst)− a2V (φph) = a2p.
(49)
Therefore, using Eqs. (17a) and (17b) we have
ρ+ p =
φ˙2st
a6w
− φ˙
2
ph
a6w
=
8
3(1− w)2
[
t2(1 + w)− (1− w)γ2
(γ2 + t2)
2
1−w
]
,
ρ− p = 2V (φst) + 2U(φph) = 8
3
[
1
(γ2 + t2)
1+w
1−w
]
.
(50)
Using Eq. (12) we have
φ˙2st − φ˙2ph =
8
3(1− w)2
[
t2(1 + w)− (1− w)γ2
(γ2 + t2)2
]
, (51a)
V (φst) + U(φph) =
4
3(1− w)
[
1
(γ2 + t2)
1+w
1−w
]
. (51b)
There are a positive and a negative contributions on both sides of Eq. (51a). One possible way to fulfill Eq. (51a)
is given by
φ˙st =
2
√
2√
3
t
√
1 + w
(1− w)(γ2 + t2) ,
φ˙ph =
2
√
2√
3(1− w)
γ
(γ2 + t2)
.
(52)
10
Note that, in this paper, we are searching for a classical model which gives a bouncing universe which behaves as
the traditional models for later times. As we will see, by choosing the form of φ˙st and φ˙ph above we will find two
particular potentials for the fields. However, there are other ways to fulfill Eq. (51a), which would lead to other forms
for the energy potentials.
Integrating the above equations leads to
φst = φ0st +
√
2√
3
√
1 + w
1− w ln
(
1 + t2/γ2
)
,
φph = φ0ph +
2
√
2√
3(1− w) arctan (t/γ).
(53)
Because
φ˙st(0) = 0; φ˙ph(0) =
2
√
2
γ
√
3(1− w) , (54)
the contribution from the phantom field to the kinetic energy prevails for t << 1. This is necessary for initial cosmic
acceleration. As time increases, the contribution from the standard scalar field dominates. Note that the period when
the phantom field prevails depends on γ. If γ is small (initial universe close to the big bang), the phantom field prevais
for a longer time. If γ is large, the phantom field is necessary only for a short period of time.
We can use Eq. (53) to invert t as a function of the fields φst and φph in two different ways. The result is
t2 + γ2 = γ2 exp
[√
3
2(1 + w)
(1− w) (φst − φ0st)
]
, (55a)
t = γ tan
[√
3(1− w)
2
√
2
(φph − φ0ph)
]
. (55b)
If we substitute Eq. (55a) in Eq. (51b) we find a possible form for the sum of the potential energies
V (φst) + U(φph) =
4
3(1− w)γ 2(1+w)1−w
exp
[
−
√
3(1 + w)
2
(φst − φ0st)
]
. (56)
If we use Eq. (55b) instead, we find
V (φst) + U(φph) =
4
3(1− w)γ 2(1+w)1−w
1
sec
2(1+w)
1−w
[√
3(1+w)
2
√
2
(φph − φ0ph)
] . (57)
A possible way to satisfy the last two equations comes with the introduction of a constant parameter 0 ≤ α ≤ 1 in
the following way
V (φst) = α
4
3(1− w)γ 2(1+w)1−w
exp
[
−
√
3(1 + w)
2
(φst − φ0st)
]
,
U(φph) = (1− α) 4
3(1− w)γ 2(1+w)1−w
× 1
sec
2(1+w)
1−w
[√
3(1−w)
2
√
2
(φph − φ0ph)
] . (58)
A. w = 1/3
In this case we have the following expressions for the fields as functions of t
φst(t) = φ0st +
√
2 ln(1 + t2/γ2),
φph(t) = φ0ph + 2 arctan t/γ.
(59)
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On the other hand, the expressions for the potential energies are given by
V (φst) = α
2
γ4
exp
[
−
√
2(φst − φ0st)
]
,
U(φph) = (1− α) 2
γ4
[
1 + tan2
(
φph−φ0ph
2
)]2 . (60)
If we define the quantity w(t) by
w(t) =
p
ρ
=
φ˙2st
2a6w −
φ˙2ph
2a6w − V (φst)− V (φph)
φ˙2st
2a6w −
φ˙2ph
2a6w + V (φst) + V (φph)
, (61)
it is easy to show that as t→∞ we have w(t)→ 1/3. Obviously the same works for any value of w.
B. w = 0
This case is not much different from the previous one. The expressions for the fields are given by
φst(t) = φ0st +
√
2
3
ln(1 + t2/γ2),
φph(t) = φ0ph + 2
√
2
3
arctan t/γ.
(62)
The potential energies are given by
V (φst) = α
4
32γ2
exp
[
−
√
3
2
(φst − φ0st)
]
,
U(φph) = (1− α) 4
3γ2
{
1 + tan2
[
1
2
√
3
2
(
φph−φ0ph
2
)]} . (63)
In particular, both standard and phantom fields are necessary to reproduce the scalar factor (12).
C. w = −1
For w = −1, the phantom scalar field is alone sufficient to reconstruct the quantum scale factor. The substitution
w = −1 in Eq. (53) yields
φst = φ0st,
φph = φ0ph +
2√
3
arctan (t/γ).
(64)
For the potential energies we have
V (φst) = α
2
3
,
U(φph) = (1− α)2
3
.
(65)
The standard scalar field does not evolve in time. On the other hand the phantom one evolves but has a constant
potential energy, so the system behaves as if a single free phantom scalar field was present.
Using Eq. (61) we can find the EoS of the fluid representing this configuration of fields. Note that we only have
contribution to the kinetic energy from the phantom field. Therefore,
w(t) =
p
ρ
=
− φ˙
2
ph
2a6w − V (φst)− V (φph)
− φ˙
2
ph
2a6w + V (φst) + V (φph)
= − t
2 + 2γ2
t2
.
(66)
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Using Eq. (17a) we have
w =
p
ρ
= − 4
3ρ
+ 1. (67)
Therefore
p = −4
3
+ ρ. (68)
It is known that a free scalar field corresponds to a fluid with EoS p = ρ. In our case the field must have a constant
potential energy. Note that this potential energy is independent of γ, since the universe is originally nonsingular.
V. FINAL REMARKS
We have found an exotic classical fluid which reproduces the scale factor obtained in the minisuperspace quantization
of the FRW universe. This fluid obeys an implicit EoS. This equation of state approaches p = wρ as t → ∞ (as ρ
and p go to zero with the expansion of the universe), so that we recover the usual behavior of the universe as time
flows. The fluid satisfying the implicit EoS is equivalent to two non-interacting fluids, one of them representing stiff
matter with negative energy density. If we analyze the fluid filling the universe as a single fluid with an exotic EoS,
we find that for small values of t, the EoS representing this fluid is very different from the ordinary matter p = wρ.
However, this difference can be explained by means of two non-interacting fluids, one of them with negative energy
density. This negative energy is necessary in order to remove the classical singularity. The closer the initial universe
is from the big bang singularity, the more is necessary to add matter with negative energy density. When we try
to reproduce a classically nonsingular universe, we find that the exotic matter does not depend on the original wave
packet, since there is no classical singularity to be avoided. We can also obtain the same features with the insertion of
two non-interacting scalar fields, one of them being usual and the other of the phantom type. We are free to choose
the fraction of potential energy for each field. In particular, we can set one of them to be free. In any case, we have
shown that it is possible to get important results from quantum cosmology and still recover the classical limit with
the use of classical matter.
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